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1 Exact coordinate descent

The idea of coordinate descent is to decompose a large optimisation problem into a sequence of one-
dimensional optimisation problems. The algorithm was first described for the minimization of quadratic
functions by Gauss and Seidel in [Seidel, 1874]. Coordinate descent methods have become unavoidable in
machine learning because they are very efficient for key problems, namely Lasso, logistic regression and
support vector machines. Moreover, the decomposition into small subproblems means that only a small
part of the data is processed at each iteration and this makes coordinate descent easily scalable to high
dimensions.

We first decompose the space of optimisation variables X into blocks X; x ... x X,, = X. A classical
choice when X = R"™ is to choose X; = ... = X,, = R. We will denote U; the canonical injection from
X, to X, that is U; is such that for all A € X,

Uh=(0,...,0,h",0,...,0)" € X.
N—— ——

i—1 zeros n—1 zeros

For a function f: X7 x ... x X,, = R, we define the following algorithm.

Algorithm 1: Exact coordinate descent

Start at 2y € X.
At iteration k, choose I = (kK mod n) + 1 (cyclic rule) and define 41 € X by

ac;;ll = argmin,cx, f(m,gl), .. ,xg_l), 2, xSH), ... 7:E,(:L)) ifi=1
A =) if i #1

Proposition 1 ([Warga, 1963]). If f is continuously differentiable and strictly convex and there exists
X, = argminge x f(x), then the exact coordinate descent method (Alg. 1) converges to x..

Exercise 1 (least squares). f(z)= 1| Az —b|3 = %Z?;l(a;x —bj)?

At each iteration, we need to solve in z the 1D equation

0 - n
3 J(z)(xlil), .,x,(cl 1),z,x,(cl+1),...7:r,(€))20
z
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Figure 1: The successive iterates of the coordinate descent method on a 2D example. The function we
are minimising is represented by its level sets: the bluer is the circle, the lower is the function values.

Figure 2: The function in Example 2

For all x € R™,
of (x) = a) (Az = b) = a] ;™ + 0] (Y a;z")) —ab

l
0x() i
so we get
. . 1 . . 1 n .
= ‘T.Scj—l = ||al||2 ( - alT(Z ajxl(c])) + al—rb> = ZL'](C) - _||alH2 (alT(Z ajml(c])) - al—rb)
2 2

Exercise 2 (non-differentiable function). f(z(®,z®) = |z —2®)| — min(z™, ) + Tjo,1)2 ()

f is convex but not differentiable. If we nevertheless try to run exact coordinate descent, the algo-
rithm proceeds as xgl) = argmin, f(z,xéz)) = x(()z), xgz) = argmin, f(xgl),z) = x(()2), and so on. Thus
exact coordinate descent converges in two iterations to (x(()g),:zzSZ)).' the algorithm is stuck on the non-
differentiability point on the line {x) = 2} and does not reach the minimiser (1,1).

Exercise 3 (non-convex differentiable function).
f(x(l), :17(2)’ x(?’)) — _(m(l)x(Z) + x(Q)x(g) + x(g)x(l)) _|_ zg’:l max(07 |x(7')| — 1)2
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As shown by [Powell, 1976], exact coordinate descent on this function started at the initial point
20 = (=1—¢,14¢/2, —1—¢/4) has a limit cycle around the 6 corners of the cube that are not minimisers
and avoids the 2 corners that are minimisers.

Exercise: Show Powell’s result.

Exercise 4 (Adaboost). The Adaboost algorithm [Collins et al., 2002] was designed to minimise the
exponential loss given by

f(z) = Z exp(—yjthx).

At each iteration, we select the variable I such that | = argmax;|V,f(z)| and we perform an ezact
coordinate descent step along this coordinate.

This variable selection rule is called the greedy or Gauss-Southwell rule. Like the cyclic rule, it leads
to a converging algorithm but requires to compute the full gradient at each iteration. Greedy coordinate
descent is interesting in the case of the exponential loss because the gradient of the function has a few
very large coefficients and many negligible coefficients.

Exercise: Suppose that y; € {—1,1} and h;; € {—1,0,1} for all j,i. Give the explicit formulas of
V.f(x) and of the next update xy+1 knowing xy,.

2 Coordinate gradient descent

Solving a one-dimensional optimisation problems is generally easy and the solution can be approximated
very well by algorithms like the bisection method. However, for the exact coordinate descent method, one
needs to solve a huge number of one-dimensional problems and the expense quickly becomes prohibitive.
Moreover, why should we solve to high accuracy the 1-dimensional problem and destroy this solution at
the next iteration?

The idea of coordinate gradient descent is to perform one iteration of gradient descent in the 1-
dimensional problem min,¢x;, f(x,(cl), e @,il_l), z, x,(clﬂ), e xffn)) instead of solving it completely. In
general, this reduces drastically the cost of each iteration while keeping the same convergence behaviour.

Algorithm 2: Coordinate gradient descent

Start at xg.
At iteration k, choose i1 € {1,...,n} and define zx41 by

(4)

zply =) = Vif(ag) i =i
2, =z i i iy

When choosing the cyclic or greedy rule, the algorithm does converge for any convex function f that
has a Lipschitz-continuous gradient and such that arg min, f(z) # 0.

In fact we will assume that we actually know the coordinate-wise Lipschitz constants of the gradient
of f, namely the Lipschitz constants of the functions

Gix: Xi — R
h— f(z+Uh) = f(ac(l)7 R AR LRy I S 756("))
We will denote L; = L(Vyg; ;) this Lipschitz constant. Written in terms of f, this means that

Lemma 2. If f has a coordinate-wise Lipschitz gradient with constants Lq,..., Ly, then Vx € X,
Vie{l,...,n},Vh € X,

Fla+ Uih) < £(2) + (Vaf ). ) + 2 )2

PROOF. This is Taylor’s inequality applied to g; .. Note that we do not require the function to be twice
differentiable.
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Proposition 3 (|[Beck and Tetruashvili, 2013]). Assume that f is convex, V[ is Lipschitz continuous
and argmingex f(z) # 0. If ixy1 is chosen with the cyclic rule ix11 = (k mod n) +1 and Vi, v; = L%_,
then the coordinate gradient descent method (Alg. 2) satisfies

R*(0)

k+8/n

where R?(z0) = max, yex{||z —yl : f(y) < f(z) < f(®0)}, Lmax = max; L; and Ly = min; L;.

f@rsr) = f(@2) € ALmax(1+ 0 L2, /L2

The proof of this result is quite technical and in fact the bound is much more pessimistic than what
is observed in practice (n? is very large if n is large). This is due to the fact that the cyclic rule behaves
particularly bad on some extreme examples. To avoid such traps, it has been suggested to randomise the
coordinate selection process.

Proposition 4 (|Nesterov, 2012|). Assume that f is convexr, V[ is Lipschitz continuous and
argmingex f(z) # 0. If ix11 is randomly generated, independently of i1,...,ix and Vi € {1,...,n},
Plipt1 = i) = L and v = &, then the coordinate gradient descent method (Alg. 2) satisfies for all
Z, € argmin, f(x) '

Elf (1) — f@)] £ o (1= D)) = f@) + S e —wol2)

where ||z||7 = Y27 Lillz |3
PROOF. This is a particular case of the method developed in the next section.

Comparison with gradient descent The iteration complexity of the gradient descent method is

L(VY) 2
T —f(@s) £ ——<||lz« — @

f( k+1) f( )— 2(k+1)|| 0“2
This means that to get an e-solution (i.e., such that f(z)— f(zs) < €), we need at most @ |z — 203
iterations. What is most expensive in gradient descent is the evaluation of the gradient Vf(z) with a

cost C, so the total cost of the method is
L(V
Cgrad = C%”l‘* - on%

Neglecting the effect of randomisation, we usually have an e-solution with coordinate descent in
2((1 = L)(f(zo) = f(xs)) + &[|ws — wo||2) iterations. The cost of one iteration of coordinate descent is
of the order of the cost of evaluation one partial derivative V; f(x), with a cost ¢, so the total cost of the

method is
n 1

Cea = (1= ) (F o) ~ F)) + gl — o)

How do these two quantities compare?
1

Let us consider the case where f(z) = 3[|Az — b[|3.

e Computing Vf(z) = AT (Az — b) amounts to updating the residuals r = Az — b (one matrix vector
product and a sum) and computing one matrix vector product. We thus have C' = O(nnz(A)).

e Computing V; f(x) = e, AT (Az — b) amounts to

1. updating the residuals r = Az — b: one scalar-vector product and a sum since we have 1 =
K + (x,(;f{l) — x,(cz’“Jrl))AeikH,

2. computing one vector-vector product (the i*” column of A versus the residuals).

Thus ¢ = O(nnz(Ae;, ;) = O(nnz(A)/n) = C/n if the columns of A are equally sparse.
o flzg) — fzy) < @Hzo — /|3 and it may happen that f(x¢) — f(z.) < @on A

o L(Vf) = Amax(ATA) and L; = a:ai with a; = Ae;. We always have L; < L(Vf) and it may
happen that L; = O(L(V f)/n).

To conclude, in the quadratic case, Coq < Cgraa and we may have Ceq = O(Cgrad/n).
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3 Proximal coordinate descent

We are often interested in solving problems of the type
in I = min f + 1
gém (z) géln (x) + g(x) (1)

where f and g are convex so that F' = f + g is convex, f has a Lipschitz continuous gradient and g may
be nonsmooth but is separable. This means that for all z € X = X7 x ... X,

n

g(@) =Y gi(a).

i=1

We can solve this kind of problems with the proximal coordinate descent method (Alg. 3,
[Tseng, 2001]), which is also using the coordinate-wise Lipschitz constant.

Algorithm 3: Proximal coordinate descent

Start at xg € X.
At iteration k, choose ix+1 € {1,...,n} and define z4+1 € X by

i . i L i e
sc,(ﬂ)rl = arg min gi(z) + f(xr) + (Vif(z),z — x,(c)) + ?Hx — $1(c)||2 if 4 =ip1q

7ty =) i £ iy

For this algorithm to be practical, we need to be able to compute efficiently
. 1
prox. o (y) = argmin g(z) + gllz =yl

z3).

the proximal operator of g (remember that ||1’||,27_1 =3, 'yi

Exercise 5 (Simple proximal operators).

e Indicator of a box: if g(x) = ljq4)(z), then prox,  (y) = max(a, min(xz,b)). This is the projection

on [a,b] (it does not depend on 7).

g

e Absolute value: if g(x) = A|z|, then prox, ,(y) = sign(y) max(0,|y| — yA). This is the soft-
thresholding operator.

We define
. 1
Tp1 = proxp 1 gz — L'V f(xy)) = argmin g(z) + f(wr) + (Vf(zr), 2 — 2x) + 5|z — zil7,

so that

o _[E0 iti=ikn
T Y P

Lemma 5. For ally € R}, andxz € X
1 1 1
g(fk+1)+<vf(l‘k)v$k+1—xk>+§||xk+1—$k||3fl < 9(15)+<Vf(96k),$—$k>+§||$—l‘k||3—1—§||93k+1—$||i71

PROOF. The function ¢ : @ — g(z)+(V f(zy), s —) + 1|z — 2 Hi_l is strongly convex and its minimiser
is ZTx11. The inequality is just the strong convexity inequality of this function with respect to the norm
||H,2y,1 and applied at z and Zj1.

Theorem 6 ([Richtarik and Takaé, 2014]). The proximal coordinate descent method (Alg. 3) with the
random selection rule applied to Problem 1 satisfies for all z, € argmin, F'(x)

BlF(res) — F)] < o (0= Do) = F(w) + g lle. — a0l

where [[]|7 = 37, Lif|2@ 3.
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( (ik+1) (ik+1)

PROOF. By definition of the algorithm, z41 — 2 = U;, ., (2,17 — 2;,""""), so by Lemma 2,

Tk+1

Thot1 Tt Ll T+l Tt
F@ren) < ) + (Vi flon) 2 — o)) + T8 i) — o))
1
= f(or) + (Vf(xr), Thyr — ) + §||$k+1 —all7 (2)

Using the notation Zy41 = argmingex g(z) + f(zx) + (Vf (i), — zi) + 3/|o — zx[|3, we have

0 _{x,(jll i § = ig

€T ;
S P R X T
Using the conditional expectation knowing Fj = (21, ... i), we get
i . G . . (i 1. G
E[xziil\fk] =P(igs11 = z)a:,(cil + P(igs1 # z)xﬁc) ,(CJ)FI +(1— E)x’(“)

E[(V, f(x1), wkil — 2| Fi] = Pliggr = i) (Vif (xr), xﬁzil —a) 4 Pligry # )(Vif (@), 2l — )

= E<vif(xk) J_C}Scj—l - Iz(g)>

BV (ex), a1 = ) |Fi] = Z]E (Vif(on), iy = 2 )Fi) = (¥ F ), T — ) 3)
B[ ek — 2317 = ZE R S R S LA (1)
Elg(zs1) — g(i) | Fi] = ZEgl o)~ giaONF] = (o) — (o) (5)

Combining (3), (4) and (5) with (2), we get
Elg(zir1) + f(@r+1)Fi] < Elg(zrsa) | Fe] + E[f(xk) +(Vf(ar), Trsr — i) + %kaﬂ - xkll%’}'k]
= (1= gl + g(@ra) + S (o) + (VI ), Tres — o) + 5N — ol
Using Lemma 5 with 2 = zj, we get
E[F (zr1)1Fk] = Elg(zr+1) + flzrr) | Fe] < g(@e) + f(zr) — %”flﬁ—l — a3

< g(xx) + f(xr) = F(ar) (6)

Then, using Lemma 5 again, with z = z,, we get
E[F(zr41)|Fk] = Elg(wr11) + f(@r41)]F]
1 1 1 1 1 _
< (1= 2)gon) + F(on) + —g() + —{ f(r), 20 = ox) + ol — 2xllE = ool — Frnallh
We remark that
1 1 1 1 _
E[5 lla — w7 — Sl = zep |21 Fe) = ol = w7 - ol = Zraal7,
so that
1 1 1
B (on) i) < (1= - )g(an) + f@n) + = g(en) + = (Vf (), 2. — 23)

1
+ §|\I* -zl — iE[Hx* — Tp1 |7 | Fw)-

We use the convexity of f:

B[ (@)l F4] < (1~ )(g(oe) + (@) + = (9w) + F(w)) + 3w — anlly — 5Bl — a3
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We rearrange and we apply total expectation:
1 9 1 1 9
ElF(zh41) = F(2:) + llze = 2renll] S E[(L = —)(F(2r) = F(2)) + S llew — zillZ]-

Summing for k& from 0 to K-1 yields

1 R |
E[F(rk 1) — F(z.)] + §E[|I$* —zxli]+ E[E(F(wk) — ()]
k=1

Using (6) and the fact that E[||z. — xx41]2] >0,

1+ SB[ (aic41) — F@)] < (= D) (F(o) = F@)) + 3 e = 2ol

We just need to divide by 747 to conclude.

Exercise 6 (Lasso). Prozimal coordinate descent is widely used to solve the Lasso problem given by
i 2 lly — Zall3 + Al
min =|ly — Zx x
TERP 2 y 2 !

Here, f(z) = %|ly — Zz||3 is differentiable while g(z) = A||z||1 is a non-differentiable function whose

proximal operator is the soft-thresholding operator.

Exercise 7 (Multi-task Lasso). In the multi-task framework, the Lasso problem can be generalised as

1 2 -
mnin SV = Zaf + A; .2
Here, the optimisation variable is a p X q¢ matriz. One can see that the nonsmooth part of the objective
is g(X) = AZ?Zl |lz;.ll2. This function is not separable when we consider the entries of x one by one
but it is separable if we group these entries column-wise. Hence, we can consider block coordinate descent
with p blocks of size q for the resolution of the multi-task Lasso problem.

Exercise 8 (¢ /ls-regularised multinomial logistic regression). Logistic regression is famous for classi-
fication problems. One observes for each i € [n] a class label ¢; € {1,...,q} and a vector of features
z; € RP. This information can be recast into a matriz Y € R"*7 filled by 0’s and 1's: Y;x = Lic,—py-
A matriz B € RP*? js formed by q vectors encoding the hyperplanes for the linear classification. The
multinomial €1 /0y regularized regression reads:

n q q »
BIEI]}ngq Z (Z —Yi,kz:B;,k + log (Z exp (Z:Bk)>> + )\j; | B;,:|I2,

i=1 \k=1 k=1

Like the multi-task Lasso problem, this problem can be solved with proximal coordinate descent as long as
we consider blocks of variables corresponding to the columns of B rather than single variables.

Exercise:

1. Find the proximal operator of the non-smooth function g(B) = /\Zg.’:l 1B;..|l2-

2. Give the expression of the partial derivatives of the smooth function

n /4 q
f(B) = Z ( ~Yi 2 By + log (Z exp (z:Bk)>>
i=1 \k=1 k=1

3. Give an estimate of the p block-wise Lipschitz constants of Vf.

4. Write the prozimal coordinate descent method for {1 /ls-reqularised multinomial logistic regression.
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4 Stochastic dual coordinate ascent for support vector machines

In this section, we focus on the linear Support Vector Machines (SVM) problem

; - T 1 2
Inin ¢ 2 max(0,1 —y;z; w) + gllwl
where C' is a positive real number, y € R™ and Vi, z; € RP. Note that we consider the formulation
without intercept. The objective function contains a non-smooth and non-separable term so we cannot
apply coordinate descent to it.
However, a dual formulation of the SVM problem is given by

p

n n
max —% ST (Y Zijyia®)? 43" 0 ~ I g (@)
j=1 =1 i=1
The objective function of this problem does decompose into a differentiable concave function f(a) =
-3 (X Ziyjyia(i))z + 3%, o and a nonsmooth concave and separable function g(a) =
—Ijo,cpm ().  Stochastic Dual Coordinate Ascent (SDCA) is proximal coordinate ascent (the version
of coordinate descent for concave functions) on this problem.

Exercise 9. Write an implement of SDCA. It may be useful to maintain “residuals” wy defined by
u),(j) =3, Ziyjyia,(j) forallj €{1,...,p}.

Even if we are running the algorithm in the dual, we are interested in the primal problem. The
following result shows that we can recover a good primal solution from the dual solution and gives
theoretical guarantees for the convergence in the primal.

Theorem 7 ([Shalev-Shwartz and Zhang, 2013]). Let us define a primal point w, = Z ' Diag(y) o,
where (a) k>0 s generated by SDCA. The duality gap satisfies for all K > n,

2K—1 y
B[ X Pl - Do) < 2 (1= 1) (D(a) ~ Dlao)) + lla. — aoll}) + 57C7 2.

K+n n

where the primal value is P(wy) = C > 1 max(0,1 — y;z; wg) + %||we |3, the dual value is D(oy) =
—111Z7 Diag (y) ax 3 + Siy of = oo () and Vi, Li = 2| =]

PROOF. As SDCA solves the dual problem with coordinate ascent, by Theorem 6,

n 1 1
E[D(en) ~ Dlogs1)] < =—((1 = 2)(Dlew) = Dlaa) + 5l — aoll}).
The goal of the theorem is to upper bound E[P(wy) — D(a)] by quantities involving E[D(aw) — D(ag+1)].
Note that by weak duality, P(wy) — D(ag) > D(a.) — D(ag+1) but what we need is an inequality in
the other way. For this, we will need to use the fact that (ay)r>0 is generated by the coordinate ascent
method.

Using the feasibility of oy, and the definition of wy, we can simplify D(agy1) as

1 . - i 1
D(ak+1) = —§||ZTDlag (v) carsall + Zal(w)rl —Ijo,cpn (1) = —§||wk+1||2 +el g
i=1

=(iky1) _ (ikg1)

As Qpy1 = o + Uik+1 (ak-i,-l Q. ), W41 = Wk + Zipg1 Yikgr (dg:-{l) - al(clk+l)) and
1 _(in ik _( ik
Do) = =5 0k + 2y Yo (@ = af™ )P + eTap + a1 — )

To simplify notations, we will write here ¢ = ix41. Note that

2
6;'1y = arg max (=2 Diag (y) o + (o — ) - ozl 5 E o=y
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1 .
= arg n%ax} fwak + zyi(a — a,(z))H2 +a-— a,(:).
a€l0

So let us consider ¢ : x + C'max(0,1 — z), u € —9¢(y;z wy) C [0,C] and s € [0, 1].

1 i
D(Oékﬂ)—agh?)é]—f\\wk—&-zlyz(a—a NZ+e" ak—i—a—ai)

> Sl za(su+ (1= $)af?) = )P + T+ (su+ (1= )af”) — af?

1
Z—§||wk—|—ziyi (u—ozk )||2—|—e oy —|—s(u—a,(€))

1 s?
= 5 lwl® = S llzawill3u = af”)? = s(u— oy )yiz i + e o + s(u — o)

2
5 i
= D(ax) = 5 lzawill3(u — o) = s(u—a))yiz ] wi + s(u— o))

Asu € —9¢(y;z wi) C [0,C) and ¢*(q) = q+1_c,0)(q), Fenchel-Young equality leads to: ¢(y;z; wy)—u =
—uyiz;'—wk. Hence,

D >D _f.,z_(im LT @, T @)
(ar+1) 2 Dlaw) = S llzayilla(u — a)")" + s@(yiz; wi) + sy yizi we — sy,

Applying conditional expectation, we get

82 " S -
E[D(as1)|Fe] > Dlow) = 5> llzawilli(u — o) + =3 (dlwiz wi) + o iz wi — o))
=1

=1
Now,
P(uw) - GZmax g k) + SllwgllE = (—= il + ")
g 2 2 2
Z¢ Yiz; wy) +O‘](€)yzz W —a,(c)
=1
So that
s> ¢ ()2
E[D(ag+1)|Fi] — Do) > *2* ZH»’%%H u—ay’)? + n(P(wk) — D(ay))
2 n
2 5 (IO + (P Do)

where the last inequality derives from al(f) €10,C] and u € [0, C].
We apply total expectation and we sum for k£ from K7 to K — 1:

K-1 2 n
23" ElP(w) - D(aw)] < E[D(ax)] - EID(ax,)] + 5-C* 3" (lzwill) (K — K1)

k=K, i=1

< EID(o)] ~ E[D(a, )] + 5-C* Y (2 B)(K — Ka)
con 82 -
Tt O Yzl (K~ Ko)

<
- Kl —|—TL 2’/’?, el

where ¢o = (1 — 1)(D(aw) — D(ap)) + 3|l — agl|2. Choosing K = 2K; and s = %, We obtain, for
K7 > n (because we need s < 1)

2K;—-1
Co

> BIP(n) — Dlon)] < 220 4 50 S (el

k=K1 1=1

L
K
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